We study the influence of money distribution on the dynamics of Epstein's model of civil violence. For this, we condition the hardship parameter distributed according to the distribution of money, which is a local parameter that determines the dynamics of the model of civil violence. Our experiments show that the number of outbursts of protest and the number of agents participating in them decrease when the distribution of money guarantees that there are no agents without money in the system as a consequence of saving. This reduces social protests and the system shows a phase transition of the second order for a critical saving parameter. These results also show three characteristic regimes that depend on the savings in the system, which account for emerging phenomena associated with the saving levels of the system and define scales of development characteristic of social conflicts understood as a complex system. The importance of this model is to provide a tool to understand one of the edges that characterize social protest, which describes this phenomenon from the sociophysics and complex systems.
Introduction
In the last decades, different studies have been carried out that seek to describe the society in the framework of complex systems [1] . One of the most used modeling approaches is the so-called bottom-up [2] . This approach is characterized by the use of agent-based models (MBAs) to reproduce artificial worlds or virtual societies and has been widely used to describe sociological phenomena such as the dynamics of segregation [3] and cultural diffusion [4] . A further review of these topics is found in the books of Epstein [5, 6] .
Social conflicts have been characterized as emergent properties of a complex system that depends on the scale and levels at which they occur [7] , resulting in protests, civil violence, wars, or revolutions. The use of variations of the model proposed by Epstein [8] has allowed describing different scenarios of social unrest, such as workers' protests due to wage inequality [9] , propagation and persistence of criminal activity in the population [10] , or cases of civil war between ethnic groups due to their geographical distribution [11] . Moreover, authors have worked on variants of the Epstein model [8] that have led to increasing the complexity of the dynamics. A class of models with this characteristic is achieved by adding more variables to the dynamics. Other models incorporate strategies into agents' decisions, such as allowing agents to gain learning using game theory or collective coevolution given by the interaction between agents [12] . There are also models where one of the parameters that define dynamics, such as legitimacy, has endogenous feedback [13] .
To interpret the results obtained in the simulations, it is appropriate to use the concepts and tools of statistical physics. This fact has given rise to branches or new fields of interdisciplinary research [14] [15] [16] such as the econophysics [17] [18] [19] [20] and the sociophysics [21] [22] [23] . Econophysics studies and describes statistical properties of economic systems with large amounts of economic and financial data through the use of techniques and tools originally developed in statistical physics [18] . In sociophysics the social behavior is described making use of the physics of the critical phenomena, emphasizing, among these, the use of the theory of phase transitions to describe social, psychological, political, and economic phenomena [24] [25] [26] [27] .
The goal in this paper is to study the dynamics of civil violence when the money distribution is taken into consideration. For this we condition the hardship parameter distributed according to the money distribution, unlike the 2 Complexity Epstein model [8] where it is uniformly distributed. The distribution of money is a result of the dynamics of money exchange between agents with a propensity to save money, as obtained in [28, 29] . In this way, we can study the influence of inequality in the money distribution of the society in the emergence of social mobilizations.
The order in which the contents are presented will be as follows. In Section 2, we will briefly describe the models used for the simulations and the elements that compose the comparative study. Then, in Section 3, we present the results obtained; then, in Section 4, we conduct the discussion and establish the conclusions.
Civil Violence Model
This agent-based model [8] simulates a process of social protest to which authority responds with the use of force to restore public order. The dynamic is established by relating the legitimacy of authority and the hardship of agents to the discontent of the population. The general state of the system is determined by global variables such as the legitimacy , the vision of the agents V, the maximum sentence max , and a state evaluation threshold .
The agents, citizens, and police are placed at random on a rectangular grid with periodic edge conditions. The dynamics of the agents is achieved with decisions made taking into account the information obtained within the neighborhood of each agent selected. The neighborhood extension is defined by the range of vision of each agent. Citizens are agents that are characterized by two parameters: hardship ℎ and risk aversion . These quantities are assigned to the agents as uniformly distributed random values. With these parameters and according to the evaluation of local conditions, each agent will decide whether or not to join the protest. To do this, each agent evaluates its state by means of its grievance = ℎ(1− ) and its net risk = , where = 1−exp[− ( / ) V ] is the probability of arrest that is obtained based on a number of active agents and police in your neighborhood.
Thus, the active state indicates that the agent joins the protest and the passive state is when the agent stays on the sidelines. On the other hand, the police are agents that do not have parameters assigned and are responsible for restoring order by capturing the active agents who are in their neighborhood defined by their vision.
The rules that determine the dynamics of the model are the following:
(1) Rule of motion: it is valid for all agents and allows them to move to an empty space at random within their neighborhood.
(2) The rule of state evaluation: it is given by − > . Citizens who comply with this rule transform their status from a passive agent to an active agent; otherwise, the agent will remain a passive agent.
(3) Capture rule: cops randomly capture an active agent from among the active agents in their neighborhood and move to that location on the grid. In case there are no active agents, they do nothing.
Epstein, to determine the existence of emerging phenomena, which he defines as "macroscopic regularities arising from the pure local interaction of agents" [2] , proposes to study the waiting times distribution between each outburst and distribution of their sizes.
For the study of waiting times, Epstein defines a threshold of 50 active agents to consider the event as an outburst, where the outburst size is defined as the maximum amount of active agents during the event. Based on simulations carried out with 10 5 iterations, Epstein finds that the waiting times distribution corresponds to a log-normal distribution, while the outburst size distribution corresponds to a Weibull distribution [8] . Table 1 lists the global and local parameters used to reproduce the results reported by Epstein [8] . The size of the grid is (40×40) and has toroidal topology, agent density is 0.7, police density is 0.04, and the probability of arrest is = 2.3. Figure 1 shows the results obtained when reproducing the Epstein [8] model. Panel (a) shows the temporal evolution of the number of agents participating in a protest. The red line represents the number of active agents in the system. The observed events correspond to the phenomenon of punctuated equilibrium [30] . In panel (b), the histogram of the waiting times is displayed, while in panel (c), the histogram of the outburst sizes is displayed. For these results, we considered 50 experiments of 10 5 iterations and the parameters shown in Table 1 .
Money Distribution Models
At the end of the 90s, studies were conducted on the distribution of money, income, and wealth to describe the dynamics of economic systems by modeling commercial transactions such as the interactions between the molecules of a gas where they exchange momentum and energy. Therefore, they are appropriately described by the use of tools of statistical physics [18] [19] [20] .
In particular, the results obtained with gas-like models [28, 29, 31, 32] have allowed the researchers to establish a parallel with a thermodynamic system closed in thermal equilibrium, where the agents exchange an amount of money as the particles of a gas in a closed system exchange momentum and energy. This analogy is possible since ordinary economic agents can only exchange money with other agents. They are not allowed to "make" money, for example, printing dollar bills [32] . In a system of agents that perform exchanges that fulfill the condition of time reversal, the distribution of money corresponds to the distribution of Boltzmann-Gibbs [32] . With these considerations, we can use the canonical ensemble to perform the physical description and obtain the probability function associated with an amount of money and with this know the distribution of this in the system.
In this paper, we use the results obtained from the dynamics of money exchange in the case that all agents save a portion of their money at the moment of making a money transaction and of the remaining amount the agents exchange a random fraction of it [28] .
Thus, we have a system with total money and agents, which initially have an equal amount of money. The saving [8] . Panel (a) shows the temporal evolution of the number of agents participating in a protest. The red line represents the number of active agents in the system. The observed events correspond to the phenomenon of punctuated equilibrium [30] . In panel (b), the histogram of the waiting times is displayed, while in panel (c), the histogram of the outburst sizes is displayed. For these results, we considered 50 experiments of 10 5 iterations and the parameters shown in Table 1 . Table 1 : Global and local parameters used to reproduce the results reported by Epstein [8] . The size of the grid is (40 × 40) and has toroidal topology, agent density is 0.7, police density is 0.04, and the probability of arrest is = 2.3. 
Global parameters
where is a random number with a uniform distribution between zero and unity. Note that when the agents do not save ( = 0), we retrieve the Boltzmann-Gibbs distribution obtained in the work of Dragulescu and Yakovenko [32] . When the saving is different from zero ( ̸ = 0), a money distribution is similar to the gamma distribution [31] .
Second, we will use the description of Chatterjee et al. [29] , in which the saving factor is different for all agents and evenly distributed, that is, a heterogeneous factor in the system. In this case, the fraction Δ being exchanged is given by
where the saving factors for each agent , , and are uniformly distributed random values between 0 and 1. The result of this configuration gives a money distribution given by a mixture between a Boltzmann-Gibbs distribution and a Pareto, which is very close to the results reported in the analysis made to real wealth distribution and income data [29, 33] . In Figure 2 , the results obtained by reproducing the distributions of money obtained in [29, 31] are shown. In panel (a), the money distributions are shown for cases where saving is a homogeneous feature in the system. The blue circles show the boundary case with = 0.00, which corresponds to an exponential distribution as reported in [32] . The cases with = [0.10, 0.40, 0.70, 0.90] are shown with circles of red, green, yellow, and magenta, respectively. These results correspond to a gamma distribution as reported in [31] . In panel (b), the money distribution for distributed heterogeneously in the system is shown, which corresponds to a Pareto distribution as reported in [29] . To obtain these results, 1120 agents with initial money 0 = 1000 and 30000 were considered.
Epstein Model Conditioned by the Money Distribution of Agents with Propensity to Save
In order to study the influence of the money distribution on the emergence of social mobilizations we modified the hardship parameter that in the model civil violence is evenly distributed through the following expression:
where is the amount of money of the agent and max is the amount of money of the richest agent in the system. Thus, the preparation of the numerical experiments with this hybrid model is carried out following the steps indicated below:
(1) It is assigned initial values for each parameter, both local and global. (2) At the beginning of the procedure, 30000 economic exchanges are carried out between agents to obtain the money distribution. This number of iterations is above the number of iterations necessary to reach the constant entropy regime in the system. In this process of exchange of money, only the agents of citizen type participate. Agents with the role of police do not participate in the exchange of money nor do they evaluate the state nor participate in the protests. (3) The distribution of hardship is obtained from the distribution of money by means of (3). (4) The simulation of civil violence begins.
In this study to obtain the average results of each case shown, 50 experiments of 100000 iterations each were carried out. In our study, we consider two cases in relation to the legitimacy parameter, : the case with = 0.82 as in Epstein and the case with = 0.89. The latter corresponds to the value obtained after rescaling the legitimacy by taking the mean value of the state evaluation rule obtained with both the hardship uniform distribution parameter and the hardship parameter obtained with the money distribution. In Table 2 , the parameters used in both cases are shown.
Following the analysis made for the model of civil violence, for each case, we will present the distributions of waiting times and sizes of the outbursts. To compare the results of the Epstein model with the present hybrid model, we used outburst quantity, waiting times, and outburst sizes.
Results of the Simulations
First, we perform simulations of the model conditioned by the distribution of money with the parameters of the original Epstein model (see Table 2 ).
In Figure 3 In Figure 3 (a) it can be observed that, for the case of heterogeneous distribution of savings, the short waiting times are more frequent, the reason why the system is at its maximum activity. The same characteristic is observed for the case of zero saving, where the highest frequency is obtained for short times. As the saving parameter increases, the maximum frequency of the waiting times decreases progressively and occurs at similar waiting times greater than for cases of heterogeneous saving and zero saving. The dynamics obtained in the Epstein model is closer to cases of high savings factor. In Figure 3 (b), as in the case of waiting times, cases of heterogeneous saving and zero saving have the maximum frequencies for large outburst sizes. As the saving parameter increases, the frequency maxima decrease and take place for smaller outburst sizes. For the case of Epstein, it is observed that the maximum of the frequencies is in outburst sizes similar to the case with saving = 0.80.
In Figure 4 (b), we observe how the waiting time between each burst increases as the saving increases. As in Figure 4 [29, 31] . In panel (a), the money distributions are shown for cases where saving is a homogeneous feature in the system. The blue circles show the boundary case with = 0.00, which corresponds to an exponential distribution as reported in [32] . The cases with = [0.10, 0.40, 0.70, 0.90] are shown with circles of red, green, yellow, and magenta, respectively. These results correspond to a gamma distribution as reported in [31] . In panel (b), the money distribution for distributed heterogeneously in the system is shown, which corresponds to a Pareto distribution as reported in [29] . Table 2 : Global and local parameters used in the simulations for Case I (a) and Case II (b). The grid dimensions are 40 × 40, its topology is toroidal, the agent density is 0.7, the police density is 0.04, and the arrest probability constant is = 2.3. the outburst quantity is shown. The blue circle corresponds to the value obtained with the Epstein model, while the green diamond corresponds to the value obtained for the case with heterogeneous savings. In Figure 4 (b), the waiting times are plotted according to the saving parameter. With the line with red squares, the time between each outburst is plotted. The blue circle corresponds to the value obtained with the Epstein model and the green diamond corresponds to the value obtained for the case with heterogeneous savings. It is observed from Figure 4 (a) that the outburst quantity decreases continuously as savings increase, approaching zero when = ≈ 0,87, resulting in a phase transition. For cases of = [0, 87, 0, 90], the absence of outbursts is observed; that is, the punctuated equilibrium disappears giving rise to a regime that can be characterized as noise (as we shall see later), being the activity of active agents under the threshold for a burst. In Figure 4 (b), we observe how the waiting time between each burst increases as the saving increases. As in Figure 4 (a), there is a strong increase in waiting times from 80% savings. For = [0.87, 0.90], no bursts are observed during the simulation time of 3 × 10 5 iterations. In Figure 5 As can be seen in Figure 5 , the outburst size decreases similar to outburst quantity (see Figure 4) with the occurrence of three regimes for the maxima at each outburst. The lower intensity maxima (see Figure 5 ) correspond to outbursts that are not completely quenched, leaving a remnant of active agents large enough to generate a resurgence of the outburst, disappearing when = 0.77. Outbursts with maximum values above range [−2 , 2 ] (see Figure 5 (c)) appear as approaches 0.7 and vanish as approaches 0.80. The existence of these three regimens for the maxims of each outburst implies that the dynamics obtained with the model dependent on the distribution of money does not correspond rigorously to the punctuated equilibrium, as described by Bak and Sneppen [30] and Epstein [8] .
The simulations performed so far use the legitimacy value of the original Epstein model. From Figures 3, 4 , and 5, we can see that the sizes, the quantity of the outburst, and the waiting times for the case = 0.00, that is, when the distribution of hardship is exponential, are notoriously greater than for the case of Epstein. The uniform hardship distribution has a smaller number of active agents than the exponential case. Clearly, the legitimacy of society in both cases cannot be the same.
In order to obtain a system with comparable dynamics to the Epstein model, in terms of outburst sizes, outburst quantity, and waiting times, we take the mean value of the equation that establishes the rule of state evaluation, to give
where ⟨ ⟩ is the average grievance of the system for the model under the parameters of Epstein and ⟨ ⟩ is the average grievance for the savings-dependent system . Then,
Equation (5) allows us to obtain a value of the rescaled legitimacy that gives us the possibility of making the dynamics of the systems under discussion comparable. In Table 3 , the average value of the hardship, ⟨ℎ ⟩, and the rescaled legitimacy, , are shown for each saving factor value, . The value used in Epstein for legitimacy is = 0.82 and the mean value of the hardship is ⟨ℎ⟩ = 0.5 (ℎ is a random variable evenly distributed between 0 and 1). From Table 3 , it is read that the rescaling value of the appropriate legitimacy is =0 = 0.89. With the value for the rescaled legitimacy, the simulations are repeated with the general parameters shown in Table 2 .
As seen in Figure 6 (a), in all distributions, the maximum frequency takes place for wait times of the order of 50. In contrast to what is observed in Figure 3 (a) with Epstein's legitimacy, cases of heterogeneous savings and = 0.00 show the same characteristic as cases of homogeneous saving, having a maximum of frequency in standby time 50. Like what is observed in Figure 3(a) , all cases differ in the maximum value of the frequency. Likewise, the higher frequency is obtained when the distribution of savings is heterogeneous. The result of the rescaling produces that the maximum frequency for the Epstein case is greater than those obtained for cases with homogeneous savings. For the outburst sizes distribution (see Figure 6 (b)), the case with heterogeneous saving has the largest sizes and frequency of outbursting. The cases where the agents are willing to save have both size and the maximum value of the outburst frequency decreasing for values of decreasing outburst size and the saving factor increases. The maximum frequency in the case studied by Epstein is similar to the maximum of the frequency in the outbursts size for the case with saving factor = 0.05, but with an outburst frequency very similar to the heterogeneous case.
In Figure 7 (a), the outburst quantity is plotted as a function of the saving parameter with the rescaled legitimacy. With the line with red squares, the quantity of outburst is plotted, while the blue circle corresponds to the value Complexity 9 obtained with the Epstein model and the green diamond corresponds to the value obtained for the case with heterogeneous saving. In Figure 7 (b), the waiting times are shown as a function of the saving parameter with the rescaled legitimacy. With the line with red squares, the time between each outburst is plotted as the blue circle corresponds to the value obtained with the Epstein model and the green diamond corresponds to the value obtained for the case with heterogeneous saving. In the case with = 0.82, a continuous decrease in the number of outbursts is observed, and the factor of savings of the agents is increased. Unlike the case with = 0.82, when = 0.89, the outbursts are not observed from = ≈ 0.25. Note the sensitivity of the appearance of outburst to the value of legitimacy. It is observed how the time between each outburst increases as savings increase, and consistently with the outbursts quantity (see Figure 7(b) ), there is a sustained increase in waiting times up to 20% savings. From the value = ≈ 0.25, the absence of outbursts in the simulation time is observed.
In Figure 8 As can be seen in Figure 8 , the size of the outburst similarly decreases as the number of outbursts (see Figure 7) ; in the absence of outburst it is from = 0.25. Again we have the appearance of three regimes of the maxima in each outburst as in Figure 5 , the maxima of lower intensity (see Figure 8 By introducing the money-dependent hardship parameter, the outburst quantity produced in the system continuously decreases as agent savings increase as can be seen in Figure 4 (a). This behavior is characteristic of a second-order phase transition, according to the classification criteria found in the literature [34] . As the outbursts decrease, the regularity with which they occur also decreases, which implies an increase in the waiting times between the outbursts; the results can be observed in Figure 4(b) . In the same way that the outburst quantity decreases with the increase in savings in the system, the outburst size also decreases, which can be seen in Figure 5 There are events where active agents have better conditions in their neighborhood to join a protest generating a burst above average. On the other hand, outbursts below average respond to smaller outbursts that come after a major outburst, so it can be interpreted as a replica of the previous main outburst. These subsequent events are due to the fact that at the end of the main outburst the most active agents are not captured, which are reactivated by improving the conditions in their neighborhood, producing a second successive outburst.
These results can be observed at the macroscopic level by looking at the distributions of the wait times in Figure 3 (a) as well as in the outburst sizes distribution Figure 3(b) . In the case of waiting times, we can see that as the savings increase in the system, the value associated with the more frequent time is increasing, as well as a deformation of the distribution due to the fact that the outburst decreases in both their regularity and quantity. For the outburst sizes distribution, it is observed that the most frequent size decreases as savings increase, which causes a deformation of the distribution both in its more frequent values and also in its form, showing how the dynamics of the outbursts change as they cease to occur.
The results obtained for simulations with = 0.89 were the same results described for = 0.82. However, the disappearance of the outbursts with = 0.89 occurs for = ≈ 0.25 unlike the case with = 0.82 occurring for = ≈ 0.90. This is because increasing legitimacy, , decreases the grievance of each agent, which generates a decrease in the group of agents that could change their status given the conditions in their neighborhood. As a result, the activity of active agents can be reduced by imposing fewer savings in the system. That is to say that the more legitimate the system is, the less we need to save as a redistributive factor to reduce social protests. Figure 9 shows the power spectrum of a number of active agents during a simulation with = 0.82, using the Fourier transform. In blue we have the result obtained for the model of Epstein and in green the one corresponding to the simulation with heterogeneous saving. In red In the low frequency range, an increase in energy is observed as a consequence of the increase of the active agents in the system. The second range, at intermediate frequencies, presents energy cascades characteristic of turbulent phenomena [35] .
In Figure 9 (a), the spectral power of the number of active agents for the studied cases is shown. It is observed that the spectrum obtained for the Epstein model develops near 10 0 in the spectral power range, whereas for the heterogeneous saving model it is of similar characteristics as the cascade obtained for the saving model with = 0.00 since they are developed in the same ranges of spectral power. This indicates that the system in these cases behaves similarly and has the same amount of energy. Comparing these cases with the spectrum of the Epstein model, we verified that the dynamics in these models are different from the dynamics of the punctuated equilibrium, as we observed in Figure 5 . This behavior remains for the model with homogeneous saving until = 0.70, to arrive at the case with = 0.81 where the spectrum develops in the same ranges of the spectral power for the case of Epstein model. This indicates that the spectral power for the cases with savings between 0.70 and 0.81 decreases until reaching the spectral power associated with the dynamics of the punctuated equilibrium. Then, it is observed that for the model with homogeneous savings between 0.82 and 0.87, it decreases rapidly, arriving at the case with = 0.90, where the spectrum obtained is characteristic of the white noise. These results are consistent with those shown in Figures 4 and 5 , where the absence of outburst is reported near = 0.87.
The power spectrum of the number of active agents obtained during a simulation for the case with = 0.89 is shown in Figure 10 . The blue color corresponds to the power spectrum obtained for the Epstein model; in green color the spectrum of power corresponds to the simulation with heterogeneous saving. In red color, the power spectrum is drawn for the cases for the homogeneous saving model with = [0.00, 0.05, 0.15, 0.25, 0.40, 0.50], respectively. The region between the segmented lines shows the frequency range used to obtain the slope of the decay of the energy cascade in the inertial range. This figure shows the same behavior described in Figure 9 , but = 0.05 resumes the dynamics of the punctuated equilibrium. Figure 11 (a) shows the slope associated with the cascade of the power spectrum as a function of the saving parameter with = 0.82 and in Figure 11 (b) the results corresponding to the simulations with = 0.89 are shown. With red squares the slope is drawn for the model with homogeneous saving; the blue circle corresponds to the value obtained with the Epstein model, while the green diamond is the result for the slope in the model with heterogeneous saving. In this figure, it is observed that the value of the slope obtained for the energy cascade of the Epstein model, for both cases, corresponds to the behavior of power law −5/3.
In Figure 11 (a), it can be seen that the slope value for the heterogeneous model has the same value as for the case with homogeneous savings with = 0.00, which is evidence that the dynamics are similar. There are three clear behaviors (states); the first is where the value of the slope for the case with homogeneous saving stays almost constant up to = 0.60, and then there is a decrease in the value of slopes in a sustained way up to = 0.81, where its value is close to the value obtained with the Epstein model, which indicates that the energy and the dynamics of the punctuated equilibrium are recovered. Then for values between 0.82 and 0.90, a progressive increase in the value of the slopes is observed until values close to zero are reached, indicating that the slope disappears and the spectrum associated with the white noise is obtained, as we can see in Figure 10 (f). In the first state, the spectrum has a behavior of type 1/ own log-normal distributions, in the second state the spectrum is turbulent, and in the last state there is no dependence of . In Figure 11 (b), it can be seen that the slope value obtained for the heterogeneous model is larger than for the homogeneous savings model of = 0.00. Then it can be seen that, for = 0.05, the slope value is similar to that obtained for the Epstein model, which indicates the recovery of the punctuated equilibrium. Then, from = 0.10, the slope value begins to decrease to zero in the lambda values of 0.45 and 0.50, where the power spectrum already has white noise characteristics. These results show the existence of three characteristic regimes that depend on the savings in the system. The first scheme is given between = 0.00 and = 0.70 when = 0.82 and for = 0.00 with = 0.89. This is characterized by a wave of successive protests, a product of the replicas generated by a lot of active agents in the system. From the power spectrum, it is observed that there is a greater amount of energy in the system in this scheme. The second regime is punctuated equilibrium, characteristic of the Epstein model. This phase of the system is obtained by increasing the savings to = 0.81, when = 0.82 and for = 0.05 with = 0.89. Evidence of this is the −5/3 power law that appears in the power spectrum. The last regime is the absence of burst, between = 0.87 and = 0.90 when = 0.82 and from = 0.40 with = 0.89. This is characterized by having activity under the threshold defined for an outburst, which is observed in the power spectrum as white noise. These regimes account for emerging phenomena associated with system savings levels and define scales of development characteristic of social conflicts understood as a complex system [7] .
Conclusions
In this paper, we study the influence of the distribution of money on the emergence of social mobilizations using the dynamics of Epstein's civil violence model conditioned through the hardship parameter distributed according to the distribution of money with savings [28, 29] between agents. Our experiments show that hardship is one of the determining factors for the model of civil violence and this model, so its association to the distribution of money is fundamental to establish a variation of the dynamics.
In the cases we have analyzed, we find that the outbursts quantity and the number of active agents are decreasing as the saving factor increases. Let us assume the average quantity of outbursts as an order parameter. This determines a change of a phase characterized by very regular outbursts of protest to another one characterized by the absence of outbursts. The order parameter varies continuously vanishing at the critical point for a critical value of the saving parameter ( ). This behavior is characteristic of a second-order phase transition, according to the classification criteria found in the literature [34] . Moreover, the critical value of the saving parameter, , depends on the legitimacy parameter, . Our results show that when legitimacy increases, the outbursts disappear with a much lower critical value of the saving parameter. This also indicates that the more legitimacy the authority has in the system, the fewer savings are needed as a redistributive factor to reduce social protests.
These results show three characteristic regimes that depend on the savings in the system. The first regime is characterized by a wave of successive protests and more energy is observed in the system. The second regime is punctuated equilibrium, characteristic of the Epstein model. The last regime is the absence of outbursts. These regimes account for phenomena associated with the savings levels of the system and define scales of development characteristic of social conflicts understood as a complex system [7] .
The importance of this model is to provide a tool to understand one of the edges that characterize social protest, which adds to other efforts made [9] [10] [11] 13] to describe this phenomenon from other points of view. Undoubtedly, to understand this phenomenon in depth it is possible to establish more parameters that determine unhappiness, such as emotional, cultural, or other factors, which allows for more realistic approaches to the cost of making the model more complex, which will be addressed in future works.
